Abstract. We give definitions of moduli spaces of framed, r-Spin and Pin ± surfaces. We apply earlier work of the author to show that each of these moduli spaces exhibits homological stability, and we identify the stable integral homology with that of certain infinite loop spaces in each case. We further show that these moduli spaces each have path components which are Eilenberg-MacLane spaces for the framed, r-Spin and Pin ± mapping class groups respectively, and hence we also identify the stable group homology of these groups.
Introduction and statement of results
Recent advances in the theory of moduli spaces of complex curves [14, 10] concern the stable topology of these spaces, that is, the topology of moduli spaces of curves of high genus. This theory has been built upon by several workers to-amongst other things-deal with tangential structures other than orientations. Thus much is known about the homology of moduli spaces of unoriented surfaces [21] , moduli spaces of Spin surfaces [11, 1, 7] , and moduli spaces of oriented surfaces with maps to a simply-connected background space [2, 3] .
The author has recently given [18] a general theory of homological stability for moduli spaces of surfaces with θ-structure (which we define below). This recovers the above examples, but also allows one to effectively study many moduli spaces that are new to the literature. In this paper we study three examples of these: moduli spaces of framed surfaces, moduli spaces of r-Spin surfaces, and moduli spaces of Pin ± surfaces.
Let us give a precise definition of the moduli spaces we have in mind. Write F for a smooth surface, possibly with boundary. Let θ : X → BO(2) be a Serre fibration classifying the bundle θ * γ 2 → X, and let Bun(T F, θ * γ 2 ) denote the space of bundle maps T F → θ * γ 2 , i.e. fibrewise linear isomorphisms. Given a bundle map δ : T F | ∂F → θ * γ 2 , let Bun ∂ (T F, θ * γ 2 ; δ) denote the space of bundle maps T F → θ * γ 2 that restrict to δ on the boundary. Let Diff ∂ (F ) denote the group of diffeomorphisms of F which restrict to the identity diffeomorphism on some neighbourhood of the boundary, and equip it with the C ∞ topology.
Definition 1.1. The moduli space of surfaces with θ-structure of topological type F and boundary condition δ is the homotopy quotient These moduli spaces have certain stabilisation maps between them. Let F be a surface with boundary condition δ : T F | ∂F → θ * γ 2 and F ′ be a surface with θ-structure. Given an identification of manifolds with θ-structure from a collection of boundary components of F ′ to a collection of boundary components of F , there is a map
obtained by gluing F ′ to F along the identified boundaries. If we write Σ g,b for the orientable surface of genus g with b boundary components, these stabilisation maps for orientable surfaces are generated by certain elementary stabilisation maps
given by gluing on a pair of pants along the legs, a pair of pants along the waist, and a disc, respectively. If we write S n,b for the non-orientable surface of genus n with b boundary components, in addition to the analogues of the above maps there are also stabilisation maps
given by gluing on a projective plane with two discs removed.
Theorems about the stable topology of the moduli spaces M θ (F ) typically take the form of stating that a comparison map to a certain infinite loop space is a homology equivalence in some range of degrees. Definition 1.3. The Madsen-Tillmann spectrum of θ, denoted MTθ, is the Thom spectrum of the virtual bundle −θ * γ 2 → X. We denote by Ω ∞ MTθ the associated infinite loop space.
For closed surfaces F there is a natural comparison map
defined using Pontrjagin-Thom theory, and many characteristic classes of θ-surface bundles exist universally (i.e. independent of the topological type of F ) on Ω ∞ MTθ.
1.1.
Moduli spaces of framed surfaces. Let us take the tangential structure θ : EO(2) → BO (2) , and write M fr (Σ g,b ; δ) for the moduli space of framed surfaces with underlying surface Σ g,b . Write Γ fr (Σ g,b ; ξ) for the framed mapping class group. We show that the path component of M fr (Σ g,b ; δ) containing ξ is homotopy equivalent to BΓ fr (Σ g,b ; ξ), so homological questions about the framed mapping class group are equivalent to homological questions about the moduli space of framed surfaces.
Our main theorem concerning the moduli spaces of framed surfaces is that they exhibit homological stability: the homology groups H * (M fr (Σ g,b ; δ); Z) are independent of g, b and δ as long as 5 * ≤ 2g − 7. Furthermore, the stable homology coincides with the homology of the space Ω ∞ MTEO(2) = Ω ∞ S −2 ≃ Ω 2 Q 0 S 0 , the double loop space of the free infinite loop space on a point. In particular, it follows that the abelianisation of the group Γ fr (Σ g,b ; ξ) is Z/24 as long as g ≥ 6, and that the rational group homology of Γ fr (Σ g,b ; ξ) is trivial in the stable range.
1.2.
Moduli spaces of r-Spin surfaces. Recall that Spin r (2) = SO(2), but its standard 1-dimensional (complex) representation is the r-th tensor power of the standard representation of SO (2) .
Fixing an r, we take the tangential structure θ : BSpin r (2) → BO (2) , and write M Our main theorem concerning the moduli spaces of r-Spin surfaces is that they exhibit homological stability: the homology groups H * (M Spin r (Σ g,b ; δ); Z) are independent of g, b and δ in degrees 5 * ≤ 2g − 7.
In the case r = 2, our 2-Spin mapping class groups coincide with the extended Spin mapping class groups of Masbaum [15] . Galatius has shown [7] that the stable homology of these groups coincides with the homology of the infinite loop space Ω ∞ 0 MTSpin (2) . We will show that a similar description of the stable homology is possible for all r, and give computational applications of this result, in [19] .
Moduli spaces of Pin
± surfaces. Recall that there are two generalisations of the covering group Spin(2) → SO(2) to a covering group of O(2), called Pin + (2) and Pin − (2), which we recall in §4. These give Serre fibrations θ :
with corresponding moduli spaces M . We show that the component of
so homological questions about the Pin ± mapping class group are equivalent to homological questions about the Pin ± moduli space. Our main theorems concerning these moduli spaces is that they exhibit homological stability (for non-orientable surfaces), and we give precise stability ranges in §4.6. Furthermore, the stable homology coincides with that of the infinite loop spaces Ω ∞ MTPin + (2) and Ω ∞ MTPin − (2) respectively. In particular, we are able to calculate that the abelianisation of the group Γ Pin + (S n,b ; δ) is Z/2 as long as n ≥ 9, and that of Γ Pin − (S n,b ; δ) is (Z/2) 3 as long as n ≥ 11. In §5.1 we also study the divisibility of certain characteristic classes ζ i which were defined by Wahl in the integral cohomology of the moduli spaces of unoriented surfaces, when they are pulled back to the moduli spaces M P in ± (F ).
1.4.
Guide. We prove the homological stability theorems for these tangential structures by applying the general stability theorems of [18] . In order to verify the hypotheses of these theorems it is necessary to obtain a good understanding of the sets of path components π 0 (M θ (F ; δ)) and the effect of stabilisation maps between these sets. The bulk of the paper is dedicated to this problem for the tangential structures in question, and can be understood without reference to [18] . In the proofs of the homological stability theorems we refer to concepts defined in [18, §5-9] , and we will not give these definitions again.
The main qualitative theorem of [18] is that if the sets π 0 (M θ (F ; δ)) stabilise then the homology of these spaces stabilises. Much of the trouble we go to in this paper is to find the best possible stability range that the methods of that paper can provide.
Moduli spaces of framed and r-Spin surfaces
In the introduction we explained how a map θ : X → BO(2) produces a moduli space of surfaces with θ-structure M θ (F ; δ) for each surface F and boundary condition δ.
Definition 2.1. To define M fr (F ; δ), the moduli space of framed surfaces of topological type F and boundary condition δ, we take the map θ 0 : EO(2) → BO(2) which classifies γ 0 2 , the trivialised bundle. To define M Spin r (F ; δ), the moduli space of r-Spin surfaces of topological type F and boundary condition δ, we take the map θ r : BSpin r (2) → BO(2), where BSpin r (2) := BU (1) and the map to BO(2) classifies γ r 2 , the r-th power of the tautological complex line bundle.
The maps defining both of these tangential structures naturally factor through the map θ + : BSO(2) → BO(2) classifying γ + 2 , the universal oriented rank 2 vector bundle, and so they have forgetful maps which just remember the orientation. If ℓ : T F → γ r 2 is a θ r -structure on F , we denote by ℓ + : T F → γ 
whose fibres are either empty (over a θ + -structure which does not admit a refinement to a θ r -structure), or else are homotopy equivalent to map * (F/∂F, BZ/r), where if ∂F = ∅ we interpret F/∂F as F with a disjoint basepoint adjoined. Hence there are fibrations
whenever the total space is non-empty. Note that if F has no boundary, M fr (F ; δ) is non-empty if and only if F is diffeomorphic to a torus. Thus when discussing framed surfaces we will always suppose that they have boundary. Furthermore, from now on we will assume that all surfaces are orientable.
2.1. Naturality properties. If r ′ divides r, there is a map of moduli spaces
where δ r ′ is the induced r ′ -Spin structure from the r-Spin structure δ r . Furthermore, there are maps to all of these moduli spaces from M fr (F ; δ).
Mapping class groups.
In the introduction we defined the θ mapping class group of a θ-surface ξ ∈ M θ (F ; δ) to be the fundamental group based at this point. In the case of framings-as ∂F is assumed to be non-empty-in the fibration (2.1) the space map * (F/∂F, SO (2)) is homotopy-discrete and so we have an exact sequence of groups and pointed sets
Here Γ + (F ) denotes the usual mapping class group of the oriented surface F , and the map ϕ coincides with the crossed homomorphism obtained by Trapp [20] which gives an extended symplectic representation of the oriented mapping class group, though we will not pursue this connection. The above sequence identifies the framed mapping class group Γ fr (F ; ξ) as the subgroup of the oriented mapping class group Γ + (F ) consisting of those (isotopy classes of) diffeomorphisms which fix the isotopy class of framings [ξ] . Furthermore, it implies that M fr (F ; δ) is a disjoint union of K(π, 1)'s, i.e. has the homotopy type of a groupoid.
In the case of r-Spin structures, if we suppose that ∂F is non-empty, the space map * (F/∂F, BZ/r) is homotopy-discrete so the fibre sequence (2.2) gives the exact sequence of groups and pointed sets
This identifies the r-Spin mapping class group Γ Spin r (F ; ξ) as the subgroup of the oriented mapping class group Γ + (F ) consisting of those (isotopy classes of) diffeomorphisms which fix the isotopy class of r-Spin structures [ξ] .
If F does not have boundary, there is a sequence
which identifies the r-Spin mapping class group with an extension by Z/r of the subgroup of Γ + (F ) of mapping classes that preserve a r-Spin structure up to isomorphism. In either case, M Spin r (F ; δ) is a disjoint union of K(π, 1)'s, i.e. has the homotopy type of a groupoid.
2.3.
The set of θ r -structures. In order to apply the results of [18] , we must calculate the set of path components π 0 (M θr (F ; δ)), that is, calculate the set of isotopy classes of θ r -structures a surface admits up to diffeomorphism of the underlying surface. This coincides with the quotient set of π 0 Bun ∂ (T F, γ
Definition 2.2. Choose once and for all a θ r -structure on R 2 , that is, a linear map
If V → B is a framed rank two vector bundle, the standard θ r -structure is the fibrewise linear isomorphism V → R 2 → γ r 2 . On the surface Σ g,b+1 having θ r -structure ξ with boundary condition δ, choose a marked point on each boundary component, and equip each marked point with the framing coming from the orientation and the inwards pointing normal vector. After perhaps changing δ to an isomorphic boundary condition, we may suppose that the θ r -structure is standard at each marked point.
Let {a i , b i , t i , ∂ i , r i } be the collection of simple closed curves and simple arcs in Σ g,b+1 as shown in Figure 1 , where the endpoints of the arcs lie at the standard marked points on each boundary component. Note that a i ∩ b j = δ ij and a i ∩ a j = b i ∩ b j = 0. These curves have canonical liftsã i ,b i ,t i ,∂ i ,r i to curves or arcs on SΣ g,b+1 , given by assigning them their unit forwards tangent vector at each point. We remark that these lifts are not homology invariant: although t 1 is homologous to a 2 − a 1 ,t 1 is homologous toã 2 −ã 1 + z. In general, when lifting homologous elements from Σ g,b+1 to SΣ g,b+1 , there is a correction term given by the Euler characteristic of a homology chain times z. Definition 2.3. Given a θ r -structure ξ on Σ g,b+1 we define a Z/r-valued function q ξ on the set of simple closed curves (or simple arcs between the standard marked points on each boundary component) by assigning to each curve or arc x the value q ξ (x) determined as follows: T F | x has a θ r -structure, but the forwards vector field along x splits off a trivial 1-dimensional sub-bundle, so reduces the structure group to Spin r (1) = Z/r. If x is a simple closed curve, the monodromy gives an element of Z/r. If x is an arc, the forward / left framing along the arc agrees with the standard framing at the start of the arc, but not at the end: here it differs by a half rotation. However, the orientation of the surface gives a canonical choice of half rotation, which makes the θ r -structure on the arc be standard near its ends, and hence give an element of Z/r. In both cases we denote the element of Z/r obtained by M on(x).
We define q ξ (x) to be M on(x) − 1 ∈ Z/r.
The reader may be at a loss as to why we subtract 1 to what is already a perfectly good invariant: it is a normalisation, and ensures that if a simple closed curve x bounds a disc, then q ξ (x) = 0. We may now define a function Proof. Note that once a θ r -structure is determined over the curves a i , b i and r j , it remains to give a θ r -structure on a disc satisfying a certain boundary condition (which up to isomorphism depends only on δ, and not on the values of ξ on the curves). This is possible (and if so, in a unique way) if and only if θ r (Σ g,b+1 ; δ) is non-empty, by obstruction theory for the map θ r .
Using this proposition, we may study the action of the mapping class group Γ + (Σ g,b+1 ) on the set θ r (Σ g,b+1 ; δ) by studying its action in the "coordinate system" given by p. Let us write τ a for the (forward) Dehn twist around a simple closed curve a, and recall that the action of a twist on a homology class x is given by the formula τ a (x) = x + a, x · a, where , denotes the intersection product.
Lemma 2.7. If x is a simple closed curve or simple arc on F andx is its canonical lift to SΣ give by the forwards tangent vector, then τ a (x) = τ a (x) which is homologous tox + a, x ·ã. Hence we have the formula
for the action of Dehn twists on θ r -structures.
Proof. The first part may be seen by constructing an explicit homology in SF between τ a (x) andx + a, x ·ã concentrated near the intersection points of a and x, when we represent them by transverse smooth 1-manifolds. The second part now follows as by Lemma 2.6 the function q ξ is given by evaluating against a cohomology class on SF -which is linear-and then subtracting 1.
It is also useful to observe that if a and b are disjoint simple closed curves and a#b is the simple closed curve obtained by forming the oriented connected sum of a and b, then a#b =ã +b + z or equivalently for any θ r -structure ξ,
The same holds when one of a and b is a simple arc. More generally, if x is a simple closed curve whose homology class may be written as
This follows from the methods of Johnson [12] (in particular his Theorem 1B).
2.4.
Diffeomorphism classes of θ r -structures. Once we have the bijection p :
, there is a surjective function A : θ 2 (Σ g,b+1 ; δ) → Z/2 given in terms of this bijection by the formula
For surfaces with zero or one boundaries, the set of 2-Spin structures may be identified with the set of quadratic refinements of the intersection form [12] via ξ → q ξ . In that case, the second term of this formula vanishes and A is simply the Arf invariant. Hence we call it the generalised Arf invariant for 2-Spin surfaces with boundary. We remind the reader that the bijection p was not canonical (it depended on a choice of trivialised marked point on each boundary and an ordering of the boundaries), and hence A considered as a function on θ 2 (Σ g,b+1 ; δ) is not canonical either.
Proof. Let x be a simple closed curve represented in homology by
using (2.3). The Dehn twist around this curve satisfies
Thus we have produced a Γ
, n ≥ 0, by composing with the natural map θ 2n (Σ g,b+1 ; δ) → θ 2 (Σ g,b+1 ; δ 2 ). The main result of this section is the following theorem, which determines the number of orbits of Γ + (Σ g,b+1 ) acting on θ r (Σ g,b+1 ; δ).
not empty: (i) It consists of a single element, if r is odd. (ii) It consists of two elements distinguished by the invariant A, if r is even.
In order to prove this theorem we require the following lemma which describes the action of the mapping class group Γ + (Σ g,b+1 ) on the set θ r (Σ g,b+1 ; δ), in the coordinate system given by Proposition 2.4.
Lemma 2.10. Translating the action of
, Dehn twists around the cycles a i and b i give
).
Dehn twists around the cycles
The analogous formulae hold for more than one boundary.
Proof. For the first part, we compute
and so on. For the second part, note that t i is homologous to a i+1 − a i , and that
which establishes the required formula.
Proof of Theorem 2.9. Consider the element
We will show how to reduce this to an element in standard form.
By iteratedly applying τ ai and τ bi we can reduce the pair (A i , B i ) to the form (−1, N ). It is easy to check that the number gcd(A i + 1, B i + 1) ∈ Z/r is invariant under τ ai and τ bi , so that N = gcd(A i + 1, B i + 1) − 1; let us call this G(A i , B i ). It is not necessary for the proof, but to relate this to the function A we remark that
Applying τ ti sends
so applying it iteratedly to (2.6) gives
We will now show how to reduce the numbers R i to a more standard form. Define the simple closed curve u i to be the connected sum of a g and ∂ i , formed as indicated in Figure 1 to only intersect b g , so q ξ (u i ) = A g + δ i . Twisting along u 1 gives
and twisting backwards around ∂ 1 gives (−1, 0, −1, 0, ..., −1, N + δ 1 , R 1 − 1, ..., R r ). Repeating R 1 times gives (−1, 0, −1, 0, ..., −1, N + R 1 δ 1 , 0, R 2 , .., R r ), and continuing in this way, by twisting around u 2 , u 3 , ... we can arrive at
This much holds for g ≥ 1.
If g ≥ 2 we may apply the sequence
to find that there are at most two orbits. If r is even the invariant A shows there are at least two orbits, and we are done. If r is odd note that we have put everything in the form (−1, 0, . . . , −1, X, 0, . . . , 0) for X ∈ Z/r, but this is equivalent to (−1, 0, . . . , −1, X + 2, 0, . . . , 0). Thus there is a single orbit in this case.
2.5. Gluing θ r -surfaces. In this section we will discuss how the invariant A behaves with respect to gluing θ r -surfaces. In order to do so effectively, it is convenient to discuss connected cobordisms with θ r -structure. This simply means that we have designated incoming and outgoing boundaries, the marked points on the outgoing boundaries are framed using the boundary orientation and the inwards normal vector, and the marked points on the incoming boundaries are framed using the boundary orientation and the outwards normal vector. Furthermore, we have an ordering of first the outgoing boundaries and then the incoming boundaries, with respect to which we compute the generalised Arf invariant. We call this data a structured θ r -surface. Given cobordisms with boundary condition (Σ, δ) and (
′ between incoming and outgoing and a choice of covering isomorphism φ :
which induces a map
Under the identification of θ r (Σ; δ)/Γ + (Σ) with π 0 (M θr (Σ; δ)), this is nothing but the gluing map between these moduli spaces, at the level of π 0 .
We will determine the effect on this map on the invariant A. In order for this to be meaningful, we must declare how to impose the data of a structured θ r -surface
we use the marked points of the two surfaces and the induced ordering on the unglued boundaries.
Lemma 2.11. Let r be even, and Σ and
Proof. This is immediate from the formula for A, by considering the new genus that may be formed in such a gluing. There are two important points:
(i) When gluing two arcs together at a single end, the total monodromy along them adds, and so the value of the invariant adds, but then one is added. (ii) When two arcs are joined to create a new simple closed curve, the value of the invariant along it is the sum of the values along the two curves. In light of the previous point this is counterintuitive, but has to do with the canonical "straightening" done to arcs ending at the outgoing boundary or starting at the incoming boundary: the two half turns do not cancel, they add.
In trying to understand this lemma, we remark that the reader should be aware that it is only stated for connected surfaces. We will discuss the failure of A to be either defined or to enjoy any good properties on non-connected surfaces elsewhere. The final tool we shall need is Lemma 2.12. In genus 1 the maps
that glue on a new boundary are surjective.
Proof. By the proof of Theorem 2.9, elements of θ r (Σ 1,b ; δ ′ )/Γ + (Σ 1,b ) may be represented by (−1, X, 0, ..., 0). If we glue on the pair of pants represented by (R 1 , R 2 ) along its last boundary to the first boundary of Σ, we obtain the element
which may be reduced to (−1, X + (R 2 + 1)
. By varying X we see that may obtain every element of the form (−1, Y, 0, ..., 0), as required.
2.6. Homological stability for framed and r-Spin surfaces. We will now describe how to use the above results to apply the main theorem of [18] to prove homological stability for framed and r-Spin surfaces. To do so we must necessarily use terminology introduced in [18] , but we restrict its use to the proof. To be concise we give a single statement for all r: the statement for r = 0 is that for framed surfaces. 
is a homology epimorphism in degrees 5 * ≤ 2g − 2 and a homology isomorphism in degrees 5 * ≤ 2g − 7. If one of the created boundary conditions is trivial, it is a split homology monomorphism in all degrees.
is a homology isomorphism in degrees 5 * ≤ 2g − 2, and a split homology epimorphism in all degrees.
Proof. In order to apply Theorem 7.1 of [18] , we must verify two conditions: that θ r -structures stabilise on π 0 at genus h, and that they are k-trivial. We claim that this is true for (h, k) = (2, 4), then solving the recurrence relations of [18, §7.1] with this data will give the stated stability ranges.
The path components of the moduli spaces of θ r -surfaces stabilise at genus 2 by Theorem 2.9 and Lemma 2.12. It follows from [18, Proposition 6.4 ] that θ rstructures are 5-trivial, and from this we may already deduce homology stability in a certain range. However, we shall show that we in fact have 4-triviality, giving a better stability range.
To do this we refer the reader to the definition of 4-triviality in [18, §6.1]. For the case of α type stabilisation maps, we must show that given a diagram of θ rsurfaces with compatible boundary conditions as shown in Figure 2 , such that
By Lemma 2.12, the map
is surjective, so let us choose Σ ∆ to be some preimage of Σ R . By construction, Σ ∆ • Σ T ∼ = Σ R , as required. We now wish to use the generalised Arf invariant, so must give the structure of a structured θ r -surface on each cobordism: we choose Figure 2 . The given data to show 4-triviality with respect to α type stabilisation maps. The two θ r -surfaces obtained by composition are isomorphic, and we must provide a genus 1 θ r -surface from D to A ⊔ B such that for each triangle the two obtained θ r -surfaces are isomorphic.
a marked point on each boundary A, B, ..., F , and choose an ordering of the boundary components of each cobordism, with all the outgoing boundaries first. In terms of Figure 2 , let us order them clockwise starting at the rightmost outgoing boundary (so B is the first boundary component of Σ R ). Applying the invariant A and the formula for gluing cobordisms to the given surfaces gives the equation
and applying it to Σ ∆ • Σ T ∼ = Σ R gives the equation
Combining these gives that
As Σ B • Σ ∆ and Σ L are surfaces of genus 2, the invariant A is complete by Theorem 2.9 and hence Σ B • Σ ∆ ∼ = Σ L as θ r -surfaces, as required. The argument for stabilisation maps of type β is the same.
2.7.
Homological stability for closing the last boundary. Theorem 2.13 gives homology stability for almost all the stabilisation maps one might need, except for those which close off the last boundary. In the case of framings there are no such maps of interest: the only frameable closed surface has genus 1, for which the stability range is empty. Thus in this section we will restrict our attention to r-Spin structures only.
The paper [18] includes a general theorem on stability for closing the last boundary, whose hypotheses are that the relevant tangential structure has homological stability for all other stabilisation maps, and that it satisfies a condition called closeability [18, Definition 10.5] . Proof. We will verify the conditions for closeability for the tangential structures θ r , r ≥ 1, and so assume the language of [18] . The natural map B 
Applications of homology stability for framed surfaces
The methods of Galatius, Madsen, Tillmann and Weiss [8, Section 7] take the homological stability theorem for framed surfaces and imply a homology equivalence
where the colimit is formed by gluing on framed tori with two boundary components. Proof. The abelianisation is simply the first integral homology of this group, which for g ≥ 6 coincides with the first integral homology of Ω ∞ S −2 . By Hurewicz' theorem this is the same as π 1 (Ω ∞ S −2 ) = π s 3 , the third stable stem, which is well known to be cyclic of order 24.
A diffeomorphism ϕ : Σ g,1 → Σ g,1 that preserves a framing ξ (up to isomorphism) represents an element [ϕ] ∈ Γ fr (Σ g,1 ; ξ) in the framed mapping class group, and one may ask what class it represents in the abelianisation Z/24.
The mapping torus Σ g,1 → M ϕ → S 1 is a smooth 3-manifold with boundary ∂Σ g,1 × S 1 , and we may frame M ϕ by choosing to take the Lie framing of S 1 and the framing ξ along the fibres. On the boundary this framing of ∂Σ
bounds a framed solid torus by filling in a trivially framed disc in the S 1 direction. Gluing such a framed solid torus in we obtain a closed framed 3-manifold M 3 , which represents an element of π
It is well known that the element of Z/24 represented by a framed 3-manifold M may be computed as follows. M is in particular a Spin 3-manifold, and any closed Spin 3-manifold bounds a Spin 4-manifold, so let M 3 = ∂W 4 . The first Pontrjagin class of W may be represented by a cocycle which is identically zero on ∂W = M as this is framed, so gives an element p 1 ∈ H 4 (W, M ; Z). We may then form
A different choice W ′ of Spin manifold means that W ∪W ′ is a closed Spin manifold, and the two invariants defined above differ by −
, which is an integer (as it is half theÂ-genus of the closed Spin manifold W ∪ W ′ , which is even by Rokhlin's theorem). Thus we obtain a well defined element of Q/Z which lies in the subgroup generated by 2/48, which is isomorphic to Z/24. Hence, in principle we have described the map Γ fr (Σ g,1 ; ξ), though in practice it is a matter of some difficulty to evaluate the above characteristic number.
The moduli spaces of Pin
± surfaces
In the introduction we described how to a map θ : X → BO(2) we can associate a moduli space of surfaces with θ-structure, so to define the moduli spaces of Pinsurfaces it is enough to describe this map. This is complicated by the fact that there are two forms of Pin(2) group, Pin + (2) and Pin − (2), which are most easily distinguished by saying that they are the central extensions of O(2) classified by the classes w 2 and w 2 + w 2 1 in H 2 (BO(2); Z/2) respectively (which we identify with the continuous group cohomology of O (2)). The classifying spaces of both groups fit into principal homotopy fibre sequences
and we define θ ± to be the indicated map in the defining extension. Let γ Pin ± 2 → BPin ± (2) and γ 2 → BO(2) denote the tautological bundles.
Definition 4.1. For each choice of sign, the moduli space of Pin ± surfaces of topological type F and boundary condition δ :
is that associated to the map θ ± .
There is a natural fibration
The fibres of this map are either empty (if F does not admit a Pin
± -structure compatible with δ), or else are homotopy equivalent to map * (F/∂F, BZ/2), where we consider F/∂F to be F with a disjoint basepoint added if ∂F = ∅.
Hence if M Pin ± (F ; δ) is non-empty there is a fibration sequence
obtained by taking the homotopy quotient by Diff ∂ (F ).
Remark 4.2. Both Pin + (2) and Pin − (2) become isomorphic to Spin(2) when restricted to covering groups of SO(2). Hence if a surface is orientable and has boundary, a Pin ± -structure on it is nothing but a (2-)Spin structure. As we have dealt with this situation in the previous sections, from now on we will assume that we only consider non-orientable surfaces.
Pin
± mapping class groups. We consider the long exact sequence on homotopy groups associated to the fibration (4.2). If ∂F is non-empty, the fibre is homotopy-discrete so this induces an exact sequence on homotopy groups
. This identifies the Pin ± mapping class group Γ Pin ± (F ; ξ) as the subgroup of the unoriented mapping class group consisting of those diffeomorphisms which fix the Pin ± -structure ξ up to isomorphism. If ∂F is empty, there is an exact sequence
which identifies the Pin ± mapping class group with an extension by Z/2 of the subgroup of the unoriented mapping class group of elements fixing the Pin ± -structure ξ up to isomorphism. This is analogous to the 2-Spin mapping class group in the case of oriented surfaces. 
The set of Pin
± -structures. In order to apply the results of [18] , we must compute the sets of components π 0 (M Pin ± (F ; δ)), at least when the genus of F is large. This is the same as the quotient of the set of Pin ± -structures
by the action of the unoriented mapping class group Γ(F ). ; δ) is non-empty, we see that the set Pin ± (F, δ) is a torsor for H 1 (F, ∂F ; Z/2).
As in the r-Spin case, we choose once and for a Pin ± -structure on R 2 , which induces a standard Pin ± -structure on any framed rank 2 vector bundle. On the nonorientable surface S n,b+1 having some Pin ± -structure ξ with boundary condition δ, we choose a marked point on each boundary component, which has a canonical framing coming from the orientation of the boundary and the inwards pointing normal vector. After perhaps changing δ to an isomorphic boundary condition, we may assume that it is standard at each marked point with respect to this framing.
Let {a 1 , ..., a n , ∂ 0 , ..., ∂ b } be the collection of simple closed curves as shown in Figure 3 , and {r 1 , ..., r b } be the collection of simple arcs. We also write a i + a j and a i + a j + a k + a l for the simple closed curves shown, indicating the homology class they represent. There is a presentation of the first integral homology of S n,b+1 as H 1 (S n,b+1 ; Z) = Z a 1 , ..., a n , ∂ 0 , ..., ∂ b / ∂ 0 + · · · + ∂ b + 2(a 1 + · · · + a n ) .
Definition 4.4. Given a Pin
+ -structure ξ on F , along any simple closed curve a or simple arc r between standard marked points we have a canonical reduction of structure group from Pin + (2) to Pin
The first factor detects orientablity of the loop or arc. Taking the value of the monodromy along a or r on the second factor and adding 1 defines q ξ (a) or q ξ (r) ∈ Z/2.
Given a Pin − -structure ξ on F , along any simple closed curve a or simple arc r between standard marked points we have a canonical reduction of structure group from Pin − (2) to Pin − (1) = Z/4. Adding 2 to the monodromy along a or r defines q ξ (a) or q ξ (r) ∈ Z/4. The reduction of q ξ (x) modulo 2 detects orientability of the loop or arc.
We write M on(a) or M on(r) for the monodromy (in Z/2 or Z/4) around a curve a or arc r between standard marked points.
The convention of adding the monodromy around a disc to the actual monodromy in this definition is as a normalisation: now q ξ (a) = 0 if and only if a bounds a disc with Pin ± -structure. We leave the proof of the fact that the monodromy around a disc is 1 in the Pin + case and 2 in the Pin − case to the reader: it is an interesting exercise in characteristic classes.
Remark 4.5 (Boundary conditions). For each oriented boundary component ∂ i of a surface F with Pin
± -structure ξ, we may evaluate q ξ on the simple closed curve ∂ i to get δ i . For Pin + -structures this lies in Z/2 and for Pin − -structures it lies in 2Z/4 = Z/2 as the curve is orientation-preserving. This allows us to identify boundary conditions on S n,b+1 for either of these tangential structures with elements of (Z/2) b+1 , and δ i = 0 precisely when this boundary component bounds a disc.
There is a map e + : Pin + (S n,b+1 ; δ) → (Z/2) n+b (or to (Z/2) n if the surface is closed) given by e + (ξ) = (q ξ (a 1 ), ..., q ξ (a n ), q ξ (r 1 ), ..., q ξ (r b )). Similarly, there is a map by evaluation on the a i and r i .
Proposition 4.6. If the set Pin
Proof. Certainly both maps are injective: once a Pin ± -structure ξ is determined on a 1 , ..., a n , r 1 , ..., r b and the boundary by δ, it remains to give a Pin ± -structure on a disc satisfying a certain boundary condition (which depends only on δ). If this is possible, it is possible in at most one way, as the space of Pin ± -structures on the disc is either empty or a torsor for Ω 2 BZ/2 ≃ * . The image of e − certainly lies in the subset
to the values a Pin
− -structure may take around orientation-reversing and -preserving arcs. Now note that Pin ± (F ; δ) is either empty or a H 1 (F, ∂F ; Z/2)-torsor, so counting now implies that the maps are bijections.
Remark 4.7. We should mention to what extent the functions e + and e − are unique. We have only defined them for boundary conditions with a choice of standard marked point on each boundary, and an ordering of the boundaries. Varying either of these choices will vary the functions. Proposition 4.8. Let ξ ∈ Pin ± (F ; δ) be a Pin ± -structure and g ∈ H 1 (F, ∂F ; Z/2) be a cohomology class. The torsor structure gives a new Pin ± -structure g · ξ and on a simple closed curve or simple closed arc a we have the formula
where M on(D 2 ) is 1 in the Pin + case and 2 in the Pin − case.
Proof. Direct from the definition of the torsor structure.
Using Proposition 4.6, we may study the action of Γ(S n,b+1 ) on Pin ± (F ; δ) by studying its action in the "coordinate system" given by e ± . To do so we will require various formulae for computing with q ξ . Proof. The value of δ 0 is the value of w 2 + w 2 1 or w 2 respectively evaluated on S n or Σ g . This is 0 and n mod 2 respectively on S n , and always 0 on Σ g . Proof. We may suppose that the connect sum is formed in a small disc on the surface where we have trivialised the Pin ± -structure. Hence the difference in total monodromies of a⊔b and a#b is the monodromy around a small disc, and the claim follows as q ξ is corrected from the actual monodromy by precisely the monodromy around a small disc. 
If b bounds a disc, we are asserting that q ξ (a) only depends on the (Z/2 or Z/4, respectively) homology class of a.
Proof. Firstly, we perturb a and b so that they cross transversely. Near each intersection point we can cut out the intersection and glue the four incoming arcs together in pairs, to get a homologous collection of N disjoint simple closed curves (with perhaps a single arc). Each time we do this, the total monodromy around all these curves does not change, so we still have total monodromy M on(a) + M on(b). When we connect-sum together the N disjoint curves, we end up with a single curve with monodromy
as in the proof of the lemma above, and hence a single curve with invariant
We now simply remark that during the process of eliminating intersection points, the value of #{components} + #{intersection points} ∈ Z/2 is constant, so in particular N ≡ a, b modulo 2, and the curve we have constructed has invariant q ξ (a) + q ξ (b) + M on(D 2 ) · a, b . It is now enough to prove the homology invariance of q ξ : if a and c are (Z/4 or Z/2, respectively) homologous, then q ξ (a) = q ξ (c). By taking the difference of a and c, and performing the above manouver to get a single simple closed curve, it is enough to show that if a is homologically trivial then q ξ (a) = 0.
To prove this we use the classification of simple closed curves in a surface (which is of course a simple consequence of the classification of surfaces). For the Pin − case, a simple closed curve on a non-orientable surface can be trivial in Z/2-homology only if it bounds a subsurface, then by Lemma 4.9 the value of the invariant on it is zero. For the Pin + case, a simple closed curve on a non-orientable surface can be trivial in Z/4-homology only if it bounds an orientable subsurface, then by Lemma 4.9 the value of the invariant is zero.
We learnt the above results from the work of Degtyarev-Finashin [4] , but have adapted the results and proofs in the form that is most convenient to us. Using the above lemma one can extend q ξ uniquely to a function on the first Z/2-or Z/4-homology of S n,b+1 , and the lemma shows that q ξ is a quadratic refinement of the intersection form.
We wish to compute the action of the unoriented mapping class group Γ(S n,b+1 ) on the sets Pin ± (S n,b+1 ; δ). Recall that the unoriented mapping class group is generated by Dehn twists and crosscap slides [13] . By the following lemma, it will be enough to consider just Dehn twists.
Lemma 4.12. Crosscap slides act trivially on Pin ± (S n,b+1 ; δ).
Proof. Crosscap slides act trivially on the integral homology of S n,b+1 . If τ is such a diffeomorphism then
as τ (a) is homologous to a.
Hence we only need to study the action of Dehn twists on the set of Pin ± -structures. We will require the following formulae, where a is a simple closed curve, τ a is the Dehn twist around a, and x is a simple arc or simple closed curve: for Pin
. Both equations come from the standard action of Dehn twists on homology, τ a (x) = x + a, x · a, and Lemma 4.11.
Diffeomorphism classes of Pin
+ -structures. Once we have a bijection e + : Pin + (S n,b+1 ; δ) → (Z/2) n+b , we define a function
Proof. It is enough to show that it is invariant under Dehn twists. Let a be an orientation preserving simple closed curve represented in homology by
so A is a diffeomorphism invariant of the Pin + -structure ξ.
Proposition 4.14. The induced map A : Pin + (S n,b+1 ; δ)/Γ(S n,b+1 ) → Z/2 is a bijection if the source is non-empty and n ≥ 3. It is a surjection for n ≥ 1.
Proof. We use the bijection e + to identify Pin + (S n,b+1 ; δ) with Z/2 n+b , and write elements as (A 1 , ..., A n , R 1 , ..., R b ). If we take the simple closed curve a i + a j from Figure 3 (when n ≥ 2), we have
Thus given an element (A 1 , ..., A n ) ∈ (Z/2) n , we may permute a pair of entries and add 1 to both, via Dehn twists. In particular, we may remove pairs of 1's, and we may move a single 1 to be at any position (if n ≥ 3). Thus we may reduce any element to the form (0, 1, 0, ..., 0, R 1 , ..., R b ) or (0, 1, 1, 0..., 0, R 1 , ..., R b ) as long as n ≥ 3.
Suppose that R i = 1. If δ i = 0 then twisting along ∂ i gives
and does not affect the other coordinates. If δ i = 1 then the simple closed curve a 1 + a 2 may be connect-summed to the simple closed curve ∂ i to give a curve x which intersects a 1 , a 2 and r i once, the other curves and arcs not at all, and has q ξ (x) = 0. Then q τ * x ξ (r i ) = q ξ (r i ) + q ξ (x) − 1 = 0 so twisting around this sets R i to 0. Doing this for each i allows us to reduce to an element of the form (0, 1, 0, ..., 0) or (0, 1, 1, 0..., 0)
as long as n ≥ 3, so there are at most two orbits. On the other hand, the invariant A distinguishes these two elements, so there are precisely two orbits, distinguished by A.
We also make the following observation about the behaviour of A with respect to the H 1 (F, ∂F ; Z/2)-torsor structure on Pin + (F ; δ), which is immediate from the formula for A,
− -structures. Once we have the map e − : Pin − (S n,b+1 ; δ) → (Z/4) n+b which is a bijection onto the subset
by the formula
bearing in mind that r i is an orientation-preserving arc so q ξ (r i ) is 0 or 2, and
is then defined to be 0 or 1.
Proof. We only need to show that it is invariant under Dehn twists. Let x be an orientation-preserving simple closed curve represented in homology by X i a i + λ j ∂ j , and ξ a Pin − -structure. Then
Using Lemma 4.9, δ i = 0 and so
, as x, x = 0 because x is orientation-preserving.
On the other hand, q τ * x ξ (a i ) = 1 if and only if q ξ (a i ) = 1 + 2X i , which falls into two disjoint cases:
(i) either q ξ (a i ) = 1 and X i = 0, (ii) or q ξ (a i ) = 3 and X i = 1.
Thus the difference #{q ξ (a i ) = 1} − #{q ξ (a i ) = 1 + 2X i } is the same as the difference #{q ξ (a i ) = 1, X i = 1} − #{q ξ (a i ) = 3, X i = 1} which is X i q ξ (a i ), as required. Proof. Let us use the bijection e − to identify Pin
b , and write elements as (A 1 , ..., A n , R 1 , ..., R b ). Note that
Thus given an element (A 1 , ..., A n ) ∈ (1 + 2Z/4) n there is a diffeomorphism which permutes its entries arbitrarily. Note also that
This allows us to replace an occurrence of (3, 3, 3, 3) in (A 1 , ..., A n ) by (1, 1, 1, 1). Suppose that R i = 2. If δ i = 0 then twisting along ∂ i sets R i to 0. As n ≥ 3 there is a pair of basis elements a j , a k such that {A j , A k } = {1, 1} or {3, 3}. If δ i = 2 the simple closed curve a j + a k may be connect-summed to the simple closed curve ∂ i to give a simple closed curve x which intersects a j , a k and r i once, the other curves not at all, and has q ξ (x) = q ξ (a j ) + q ξ (a k ) + δ i = 0. Then q τ * x ξ (r i ) = q ξ (r i ) + q ξ (x) − 2 = 0 so twisting around this sets R i to 0. This shows how to reduce to R 1 = · · · = R r = 0. Thus for n ≥ 3 there are at most 4 orbits. On the other hand, the invariant A distinguishes the four elements (3, ..., 3, 0, ..., 0), (1, , 3, ..., 3, 0, ..., 0) , . . . , (1, 1, 1, 3 , ..., 3, 0, ..., 0) and so there are precisely four orbits, distinguished by A.
We also make the following observation about the behaviour of A with respect to the H 1 (F, ∂F ; Z/2)-torsor structure on Pin − (F ; δ), which is immediate from the formula for A,
4.5. Gluing Pin ± surfaces. As in §2.5, we require a formula for the effect on the invariant A of gluing together surfaces. For our purposes we only need such a formula for gluing together cobordisms of the form S n,1+1 , and so we shall not investigate the existence of a formula for gluing more general cobordisms.
If (F, δ) and (F ′ , δ ′ ) are cobordisms with Pin ± boundary conditions and there is an identification ψ : ∂ in F ′ ∼ = ∂ out F of boundary components along with a covering isomorphism φ : δ| ∂inF ′ ∼ = δ ′ | ∂outF between boundary conditions, we obtain a gluing map
We always suppose that each boundary components of each surface has a marked point with standard Pin ± -structure, and that these are identified under (ψ, φ).
Lemma 4.17. Consider gluing together two Pin ± cobordisms S n,1+1 and S n ′ ,1+1 . In the Pin + case, the function A evaluated on the glued surface
In the Pin − case, the function A evaluated on the glued surface
Proof. These formulas are immediate from the definitions of the invariant A, and in the Pin − case the observation that when gluing two arcs together at a single end the monodromy adds, so the value of q ξ adds, but then two is added.
We also require the following lemma concerning more general gluings, though not any explicit formula for the effect on the invariant A.
Lemma 4.18. If we fix a (possibly orientable) Pin
± -surface F ′ , then the map
is a bijection as long as F is non-orientable of genus ≥ 3.
Proof. Note both sides have the same cardinality (2 in the Pin + case and 4 in the Pin − case), and so it is enough to show that the map is surjective. For this we consider the commutative square
where the left vertical map is a map of torsors over the map
In the Pin + case the formula (4.3) shows that the composition along the bottom of the diagram is surjective, as we may always find a g ∈ H 1 (F, ∂F ; Z/2) that evaluates to 1 on a i . In the Pin − case, observe that given a tuple of elements in { [1] , [3]} 3 we may write any element of Z/4 as a sum of them using only coefficients 0 and 1. This observation along with the formula (4.4) shows that composition along the bottom of the diagram is surjective as long as F has genus ≥ 3.
4.6. Homological stability. We will now use the above results to apply the main theorem of [18] in the case of non-orientable surfaces. The proofs necessarily use terminology intrroduced in [18] , and we will not give these definitions again. Proof. In order to apply Theorem 7.2 of [18] , we must verify a collection of conditions: that Pin + -structures stabilise on π 0 at genus h, and that they are k-trivial, and furthermore that they stabilise on π 0 at genus h ′ for projective planes, and that they are k ′ -trivial for projective planes. We claim that this is indeed so with (h, k, h ′ , k ′ ) = (4, 4, 4, 3), so solving the recurrence relations of [18, §7.2] with this data gives the stated stability ranges.
The path components of the moduli spaces of Pin + -structures stabilise at genus 4 by Proposition 4.14 and Lemma 4.18. Proof of 4-triviality follows from that in the (2-)Spin case, as all the diagrams which need to be checked involve only orientable surfaces, on which Pin + -structures are in canonical bijection with Spin-structures. Checking 3-triviality for projective planes amounts to producing, for each collection of Pin + -surfaces as in Figure 4 (where the two Pin + -surfaces obtained by going in the two possible ways around the diagram are isomorphic), a Pin + -surface taking the place of the dotted arrow. Figure 4 . The given data to show 3-triviality for projective planes. The two Pin + -surfaces obtained by composition are isomorphic, and we must provide a genus two Pin + -surface from A to C such that for each triangle the two obtained Pin + -surfaces are isomorphic.
We choose S ∆ so that A(S ∆ • S B ) = A(S ∆ ) + A(S B ) = A(S L ). This is possible as we can realise either value of A with a genus 2 surface. It now follows that
As the surfaces S R , S L , S ∆ • S B and S T • S ∆ all have genus 3, the invariant A is complete, and hence S ∆ • S B ∼ = S L and S T • S ∆ ∼ = S R as Pin + -surfaces as required. Proof. In order to apply Theorem 7.2 of [18] , we must verify a collection of conditions: that Pin − -structures stabilise on π 0 at genus h, and that they are k-trivial, and furthermore that they stabilise on π 0 at genus h ′ for projective planes, and that they are k ′ -trivial for projective planes. We claim that this is indeed so with (h, k, h ′ , k ′ ) = (4, 4, 4, 4), so solving the recurrence relations of [18, §7.2] with this data gives the stated stability ranges.
The verifications are precisely the same as for Pin + -surfaces, with the sole exception that we only get 4-triviality for projective planes, not 3-triviality, because we cannot necessarily realise every value of the invariant A on S 2,1+1 , though we can on S 3,1+1 .
4.7.
Homological stability for closing the last boundary. The above theorems give homological stability theorems for almost all the stabilisation maps one might require, except for that which closes off the last boundary component. The paper [18] contains a general result for closing the last boundary condition, whose hypotheses are satisfied in this case.
is a homology isomorphism in degrees 5 * ≤ n − 2, and a homology epimorphism in degrees 5 * ≤ n + 3.
Proof. We will verify the conditions for closeability for the tangential structures Pin ± , and so assume the language of [18] . The natural map B
, from the space of Pin ± -structures on D 2 to the space of trivial tangential structures on D 2 , induces a bijection on π 0 as the fibre of θ : BPin ± (2) → BO(2) is path-connected. 
where δ is a boundary condition which bounds a disc. The left hand side admits the stricture of a topological monoid, under the "pair of pants" product, and Galatius and the author [9] have shown that this map is a group-completion. In particular, applying the group-completion theorem [16] we obtain a homology equivalence
In particular, the group π 0 (Ω ∞ MTPin + (2)) is in natural isomorphism with Z×Z/2 and the group π 0 (Ω ∞ MTPin − (2)) is in natural isomorphism with Z × Z/4. Let us denote by Ω ∞ • MTPin ± (2) those path components corresponding to 0 on the Z factor. Combining this with the homology stability theorem proved in this paper, we establish the following corollary. In fact, one can do slightly better in the Pin + case, but we leave that to the reader. Taking fundamental groups, we obtain the following computational corollary.
Proof. By the homological stability theorems for these groups, their abelianisation in this range coincides with the first homology of the spaces Ω and so isomorphisms on Z[ where the classes ζ i in degree 4i are the characteristic classes introduced by Wahl [21] for unoriented surface bundles. For a surface bundle S → E π → B they may be defined as the Becker-Gottlieb transfer of the i-th power of the first Pontrjagin class of the vertical tangent bundle, that is, ζ i (E) := trf * π (p 1 (T v E) i ) ∈ H 4i (B; Z). Ebert and the author [6] studied the divisibility of ζ i ∈ H 4i (M(S ∞ ); Z), and found them to be indivisible. By the first equivalence of (5.2) it is then clear that the classes ζ i ∈ H 4i (M Pin ± (S ∞ ); Z) are divisible at most by a power of 2. 
) ⊕ L where L is the real line bundle characterised by the fact that it restricts to the tautological bundle on each fibre. By the Leray-Hirsch theorem, the F 2 -cohomology of the total space of this fibration is the free module H * (P(γ 
The integral class β(x) 2 ∈ H 4 (P(γ ); Z) = Z η 1 · 1 is 2-torsion and hence zero. Thus p 1 (T v ) = π * (p 1 ) so
which is divisible by precisely 4 i . Thus ζ i is divisible by at most 4 i . To pass from this information about the divisibility for bundles of RP 2 's to divisibility in general, it is enough to note that the ζ i are defined universally on Ω ∞ MTPin − (2), so by the above example must also be divisible by at most 4 To see that for Pin + -structures the class ζ i is divisible by at most 2 · 4 i , note that pulling back ζ i via Ω ∞ MTSpin(2) → Ω ∞ MTPin + (2) gives the class κ 2i , which Ebert [5] has shown to be divisible by precisely 2 2i+1 .
As only closed non-orientable surfaces of even Euler characteristic admit Pin + -structures, we cannot hope to find such a structure on the projectivisation of a rankSimilarly, the total Stiefel-Whitney class of −γ Spin 2 → BSpin(2) is 1, so there is an isomorphism H * (MTSpin(2); F 2 ) ∼ = Σ −2 H * (BSpin(2) + ; F 2 ) of modules over the Steenrod algebra. This allows us to calculate the E 2 -pages of the Adams spectral sequences converging to the 2-primary homotopy groups of these spectra, which we include as Figure 6 . Figure 6 . Partial E 2 -pages of the Adams spectral sequences converging to the 2-primary homotopy groups of the spectra MTSpin(2) and C respectively. The diagram is complete to the left of the dotted line. Proof. On the Adams E 2 -page in total degree 1, there is a F 2 2 in filtration 1 and a F 2 in filtration 2, and there are no additive extensions. In total degree 2 there is an F 2 in filtration 0, which could potentially kill the element in total degree 1 filtration 2. We claim there is no such differential.
Consider the long exact sequence on homotopy coming from the cofibration sequence
MTSpin ( has cokernel (Z/2) 2 , so must be injective, and hence the previous map is zero. Note π 1 (MTSpin(2)) is generated by ν times a generator of π −2 (MTSpin(2)), so it has non-trivial image in π 1 (MTPin − (2)), and the result follows.
